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j
ajwmUtheHgSgSU=tcmU o43
Xij = Xji = 5 {i↔ j},
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Xii = 0
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Ki
cmQSU
o U*jwdU*U¾en 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i
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96<cdQSUg]_ST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Ki =
∑
j 6=i
Xij .
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TVe o U*`aHlmlm_STVUsl)cmQ-ac:U o jUslajwmU8\^g o U*i$U*g o U*g&c}ang o ekt*t*_Sw<¢\fcmQcmQSU
ldanTVUXiSwdejajS\^`f\fcyq
p
3
{Xij}
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, Xij ∼ B(p).
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veH\^ldlreHgM ¨eHw`^ajwmHU
n
ang o lmTVaj`f`
p
®<Êencd\fg
λ = (n − 1)p ¢AUXQaF©jU 3
Ki ∼ B(n − 1, p) ≈ P(λ).
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ÈÉgVTang]qiSwdaHtcd\^tsan`Slm\§cd_acd\feHgl*«jcmQSU{:w o lrsg]q&\kTVe o Us`kcm_Swdgl}ej_kc<cdeX¬Sc:cmQU o acaXi-e]eHwm`^qj«nTaj\fgS`^q
$Ustsan_lmUcdQSU o \^lrcmwd\f_kcm\^ejgej <cmQSU o U*HwmUsUsl\^l ´anwz ¨wmeHTcdQSUveH\^ldlreHg o \blycdwm\^S_kcd\feHg µ F¶®zP8QUldt*an`^Uh
 ¨wdU*U µ ejw$\^ik d¶ o \^lrcmwd\f_kcm\^ejgQajl8$U*Usg3\fg&cmUsglm\f©HU*`^qM_lmU o ajlajgaj`§cdU*wdgacd\f©HUj®<P8QSU$\^ik 	iwmeHanS\^`^\§cyq
o \^lrcmwd\f_kcm\^ejg ¨_Sgthcm\^ejg µ i o  d¶\^l
Pr{Ki = k} = c(ρ)k−(ρ+1),
µ j¶
¢QU*wdU
k
\^lºang]qi-e&lr\fcm\^©jU\^g&cmUsjU*w=«
ρ
\^l}i-e&lr\fcm\^©jUH«
c(ρ) =
∑
k≥1 k
−(ρ+1) = 1/ζ(ρ+1)
ajg o
ζ(ρ+1)\bl\^U*Tangg  lX¹sUhca ¨_gtcd\feHg0®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$\^ik  o \blycdwm\^S_kcd\feHg\bl_lmU o cdeTe o Us` cmQUcdaj\f`
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$U*\^gSTVejwdUt*ejgk
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cdetheHglr\ o UswcmQanc:cmQSU o U*jwdU*U=l 
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\^laTV\fu]cm_SwdUXen v	eH\^ldlmejg o \^lrcmwd\^S_kcm\^ejg-l*®
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&_SUsgthUXen 	\fg o U*i$U*g o U*g&cQS\ oSo Usg©anwd\banS`^Usl {Ziq} ¢QS\^tQ\^g o \bt*acdU¾cmQSU`ban$U*`ej 	©HU*wmcm\bthU=lAcmeMth`^_lrcmUswdls®}¸KUpgSejcmU
αq
cmQSUX°+±²´³±iSwdejajS\f`^\fcyq ¨ejw©HU*wmcmU*u
i
cde-Us`feHgSVcmeMt*`f_-lycdU*w
q
«
lm_tQcmQanc 3
αq = Pr{Ziq = 1} = Pr{i ∈ q},
¢\fcmQ ∑
q
αq = 1.
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­k! #"01 ÈÉgcmQSU ¨ej`^`fe¢\^gS-«¢AU¢\^`f`	_lmUpcy¢AeMU
&_S\^©an`^U*g&czgSejcdancm\^ejgl 3 {Ziq = 1} eHw {i ∈ q}cde\^g o \bt*ancmUcdQac8©jUswrcdUhu
i
-Us`feHgSHl:cmeVth`^_lycdU*w
q
®¿¸U¾lr_Sii-e&lrUcmQancºcdQSUzt*ejg o \fcm\^ejg-an` o \^lrcmwd\^S_kcm\^ejg
ej DcdQSU o U*HwmUsUslA\blav	eH\^ldlmejg o \^lrcmwd\^S_kcm\^ejg 3
Ki|{i ∈ q} ∼ P(λq).
P8QU*gcmQSU o \blrcmwd\fS_Scm\^ejg3en 	cmQSU o U*jwdU*U=lA\^laTV\§u]cd_SwmUej )vej\bldlreHg o \blrcmwd\fS_Scm\^ejgllm_tQcmQanc 3
Pr{Ki = k} =
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¢QSUswmU
n
\blº`banwdjUzang o ¢QSU*wdUcdQSU
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l8anwdU
lmTan`^` ¢\§cdQ3wmU=lri$UsthcAcde
n
«]cmQSU o U*i$U*g o Usgthq-U*cy¢ºUsU*gcmQU o U*HwmUsUslA\^l8¢AUsaj£+®
ÈÉg¤Z]U=tcd\feHg­ª¢ºU¢\^`^`ºlmQSe¢¿cdQaccmQS\blTVe o Us`:¬Sclp¢AU*`^`<cme¥lmU*©HU*wan` o ancdalmUhcl*®3ÊUs©jUswrcdQSU*`^Usldl*«
¢AUt*`^aj\fT cdQacTe o Us`f`^\^gS¥cdQSU o \^lrcmwd\f_kcm\^ejg en cmQU o UsjwdU*U=lpiSwde©]\ o U=l`^\§cmcm`^U\^gk ¨ejwdTacd\feHg¤an$ej_kc
cdQSUcmeji$ej`^ejHq3en :cdQSUHwdajiSQ0®XÈÉg o UsU o «+cdQS\blXTe o Us`ejgS`^q o Usaj`^lz¢\fcmQcdQSU o U*HwmUsUslzen }©HU*wmcm\bthU=l*«$S_kc
gencVUhukiS`^\^t*\§cd`fq­¢\fcmQ cmQUiwmeHanS\^`^\§cyqK ¨ejwcy¢Ae¥H\f©HU*g¤©HU*wmcm\bthU=lpcdeK$UªtheHgSgSUsthcmU o ® $e¢AU*©HU*w=«cmQSU
eHlmU*wd©jU o g&_T$U*wMej ¾theHgSgSU=tcm\^ejg-l$Uhcy¢AU*Usg ©jU*wmcm\bthU=l ¨wmeHT o \f·$UswmUsgHcHwmeH_SilTaFq­wmUs©jU=an`lreHTVU
\^g&cmUswmU=lycd\fgS_Sg o Uswm`^q]\fgSlycdwm_thcm_SwdUj«]lm_tQajl}iSwdUh ¨U*wdU*g&cd\^aj`-theHgSgSU=tcm\^ejg-l:$Uhcy¢AU*U*gjwdej_Sils®)P8QUTV\§u]
cd_SwdUTe o Us`k ¨ejw o U*HwmUsUsl\bl<gSencºiSwmU=th\blrU8UsgSej_SHQcme o U=lmt*wm\^-Ulm_tQaXiSQSUsgSejTVUsgSejg0®P8QS\bl<TVencd\f©acdUsl
cdQSU o U*¬gS\fcm\^ejg3en angUhukiS`^\^t*\§cTV\fu&cd_SwdUTe o Us`+ ¨ejwU o jU=l*®
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¸KU¾gSe¢ iSwmeHi-e&lrU¾apTV\fu&cd_SwdUTVe o U*`+¢QS\btQMUhukiS`^\bth\fcm`^q o Usldthwd\f$Usl}cmQSU¾¢8aFqU o jU=lºt*ejgSgSU=tcA©jU*wmcm\bthU=l*«
aHt*t*ej_Sg&cm\^gS ¨ejwXlreHTUQSU*cmU*wdejHU*gSUs\§cyqªajTeHgS©HU*wmcm\bthU=l*®XÈÉgcmQSU ¨ej`^`fe¢\^gS-«$¢AU o U*gSejcmUcmQS\blXTVe o U*`
{º»¥¼  ¨ejw{:w o  lrÉ*g]q]\0»ª\fu&cd_SwdUz ¨eHw¼¾wdajiSQls®
P8QSUV{}»¥¼ TVe o U*`<lm_SiSi$eHlmUslcmQanc©jU*wmcm\bthU=lzajwmUlriwmU=a o \^g&cme
Q
th`^_lrcmU*wlz¢\§cdQ
prior
iSwdej-a
\f`^\§cd\fU=l {α1, . . . αQ} ®ÈÉgªcmQUp ¨ej`^`^e¢\fgS-«-¢AUp_lmUpcdQSUldanTVUp\^g o \bt*ancmeHw©anwd\^ajS`^Usl {Ziq} o Uh¬gSU o \^glmUsthcm\^ejg¡k®MP8QSUsg¢ºU o UsgSencdU
πq`
cmQSUiSwdej-anS\^`f\fcyqª ¨eHwpa3©jU*wmcmU*uª ¨wmeHT HwmeH_Si
q
cmeª$UMtheHgSgSUsthcmU o
¢\fcmQ¡a©jUswrcdUhuª ¨wdejT HwmeH_Si
`
® AU=t*an_-lrUcmQSUHwdajiSQ¥\blX_Sg o \fwdUsthcmU o «0cmQUslmUiSwmeHan\f`^\§cd\fU=l¾T_lrcp-U
lmq]TVUhcmwd\bt¾lm_tQcmQanc 3
αq = Pr{Ziq = 1} = Pr{i ∈ q},
¢\fcmQ ∑
q
αq = 1.
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¢\^`f`	_lmUpcy¢AeMU
&_S\^©an`^U*g&czgSejcdancm\^ejgl 3 {Ziq = 1} eHw {i ∈ q}cdeV\fg o \^tsacmUXcdQac©HU*wmcmU*u
i
-Us`feHgSHlAcdeMth`^_lrcmU*w
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P8QSUsg¡¢ºU o UsgSencdU
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cmQUiSwmeHan\f`^\§cyq ¨ejwa3©HU*wmcmUhu¥ ¨wmeHT jwdej_i
q
cmeª$UtheHgSgSU=tcmU o ¢\§cdQa
©HU*wmcmU*u ¨wmeHT½jwdej_i
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® AUstsan_lmU¾cmQSUHwdajiSQ\bl8_Sg o \fwdUsthcmU o «kcmQSU=lrUiwmeHanS\^`^\§cd\fU=l8T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lmq]TVUhcmwd\bt
lm_tQcmQanc 3
πq` = π`q .
¸KU¬gan`^`^q lr_Sii-e&lrUcmQancU o jU=l {Xij} anwdUt*ejg o \fcm\^ejg-an`^`fq \^g o U*i$U*g o U*g&cªj\^©jUsg@cmQSUKjwdej_ilej ©HU*wmcm\bthU=l
i
ang o
j
3
Xij | {i ∈ q, j ∈ `} ∼ B(πq`).
P8QSUTaj\fg o \f·$UswmUsgthUX¢\fcmQª»ªe o Us` µ &¶A\^lAcdQaccdQSU{}»¥¼¿TVe o U*` o \fwdUsthcm`^q o U=an`bl8¢\§cdQU o jU=l*®
»ejwdUcmQajg o U=lmt*wm\^S\^gScdQSUt*`f_-lycdU*wdU o lrcmwd_tcd_SwmUen :©HU*wmcm\bthUsls«$ej_Sw¾TVe o U*` o Usldthwd\f$UslcmQUpcmeHi-eH`feHjq
ej DcdQSUgSUhcy¢Aejwd£_lm\fgVcmQSUtheHgSgSU=tcm\^©]\§cyqTacmwd\fu
Π = (πq`)
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ÈÉgcmQ\^llmUsthcm\^ejgK¢ºUVan\^T acplmQSe¢\^gSMcdQaccdQSUV{}»¥¼½TVe o U*`:t*ajg¥$U_lmU o cde3jU*gU*wan`^\f¹sUTang]q
i-anwmcm\bth_S`banwlrcmwd_thcm_SwdUslen <wdajg o eHTHwdajiSQls®  \^j_wmUMiSwmU=lrUsg&cdllmejTVUcyq]iS\bt*aj`DgSU*cy¢ºeHwm£theHgk¬j_wdan
cd\feHgls®P8QSUV¬wlrcejgSU\blXcdQSUM{:w o  lrÉ*g]q]\<TVe o U*`6®¸KUiSwdUslmU*g&cpQSU*wdUMlmejTVUTVejwdUMlreHiSQS\blycd\^tsacmU o
eHgSUsls®
:
	    Â "01 ang o ejTjwaniSQlA¢\fcmQªanwdS\fcmwanwdq o U*HwmUsU o \^lrcmwd\f_kcm\^ejgls®
P8QU{:w o lrsg]q&\kwang o ejT HwdajiSQVTVe o U*`S\bl:aXi$e&eHw}aniiSwmeFuk\^Tacm\^ejgen +wmU=an`f6¢Aejw o gUhcy¢Aejwd£]l¢QeHlmU
o U*jwdU*U o \blycdwm\^S_kcd\feHg\blQS\^jQS`^qplm£jU*¢AU o ®<' wang o eHTgSUhcy¢Aejwd£XQaF©]\fgcdQSUlmajTVU o UsjwdU*U o \blycdwm\^S_kcd\feHg
aHl8cmQUpU*TViS\^wm\bt*aj`DeHgSUpt*ajgª-Up_S\f`fc¾aHl8 ¨ej`^`^e¢l 3
n
i-anwmcm\ban`0U o jU=l µ ¢\fcmQeHgS`^qejgUlycanwmcm\^gS©jUswrcdUhu
ajg o gSe¥¬-gan`©HU*wmcmUhu¶anwdUwang o ejTV`^q­tQSeHlmU*g¤ ¨wmeHT cmQSU3UsTi\fwd\^tsan` o UsjwdU*U o \^lrcmwd\^S_kcm\^ejgD®¦P8QSU=lrU
i-anwmcm\ban`0U o jU=lanwdUpwang o ejTV`fqxyej\^gSU o &qiaj\fwl8cme ¨ejwdTÀt*ejTViS`^UhcdUpU o HUsl µ lmU*U & ¶h®' i$U*wdT_kcacd\feHg
aj`fHejwd\§cdQST\^lVaj`^lme¥iSwdeji$eHlmU o \^g & ®­P8QS\^lTVe o U*`aHlmlm_STVUslcmQancVcmQSU3theHgSgSUsthcm\^©]\§cyq¡$Uhcy¢AU*Usg­cy¢Ae
©HU*wmcm\bthU=l\^liSwdeji$ejwmcm\^ejgaj`<cmecmQSU o U*HwmUsUMen UsaHtQ¡©jUswrcdUhu¡lre\fct*ej\^gth\ o U=lp¢\fcmQ¡cdQSU\^g o Usi-Usg o U*g&c
tsajlmUzej )cdQSU{}»¼ TVe o U*`DiSwmU=lrUsg&cmU o \^gªZkUstcd\feHgW-® W®
P8QUlmtsan`^Uh6 ¨wmUsUXgSUhcy¢Aejwd£MiSwdeji$eHlmU o ]q & \blaViajwrcd\^t*_S`banwt*aHlrUej <wdajg o ejTjwaniSQ-l8¢\§cdQanwdS\§cdwdajwmq
o \^lrcmwd\f_kcm\^ejg0®ºPDecmQ\^lU*u]cmU*g&c=«S¢ºUptsangiSwdeji$eHlmUXajgajgan`^ejHej_lATVe o U*`D\fgcmQU{}»¥¼¿ ¨wanTVU*¢Aejwd£+®
Zk_SiSi$eHlmUcdQac¾cmQSU\^gtheHT\^gS©jU*wmcm\bthU=l:xyeH\fg¥cmQSUgSU*cy¢ºeHwm£\fgjwdej_Si-lej }wmU=lri$Usthcm\^©jUlm\^¹*U
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-Us\fgzcdQSU8g]_ST$U*w<ej -ejwd\^j\^gan`&©jUswrcd\^t*Usl¶®<'zlmlm_STV\^gS¾cmQanc	cdQSUU*`^U*TVUsgHclen -a¾gSUs¢¤HwmeH_Si
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πq,1 ≥ πq,2 ≥ · · · ≥ πq,q−1,
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\^g¢QS\btQ¥ajthcmejwlajwmUxyeH\fgU o ]q
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o \^ajjejg-an`+en 
Π
®
:
	    Â " 1 Z&cdajwiancrcmUswmgD®
»¥ang]qªS\^ej`^ejj\bt*aj`DgSU*cy¢ºeHwm£kl¾theHgHcan\^glrcdajw¾i-acrcdU*wdgls«<²768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Ki | {i ∈ q} ∼ B(n − 1, πq) ≈ P(λq)
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q
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Pr{i ↔ j | i ∈ q} =
∑
`
Pr{i ↔ j | i ∈ q, j ∈ `}Pr{j ∈ `} =
∑
α`πq` = πq .
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 !  
Â/ .¨9. Æ0/ ) 1    d³  6²-s²8 6 D    D  j±m³=° q   ` ²       D*±³.D d³  6²8  *±* 0
.±m³ j±m³=°
q
³$h±* 0
.±m³ j±m³=°
`
6
Aq` =
∑
i
∑
j>i
ZiqZj`Xij .
Aqq
²  
  	8	 6 8   ²8 ]²8  ³  
6²-s²8 6³.%n±m³=° q 6
(  Æ  Æ .´. Æ0/*) 1 " 10h°   D ³0  O²-=²8 6        "j±m³=° q   ` ² :

(Aq` ) = n(n − 1)αqα`πq`/2.
8±m³s³. 't*t*ejw o \^gS3cme U*¬gS\fcm\^ejg­W-® ]«
Aq`
\blcmQSUlr_ST e©jUsw
n(n − 1)/2 cdU*wdTl*®~ºejg o \§cd\feHgan`^`^qcde {ZiqZj` = 1} « Xij \bla AU*wdgSeH_S`f`^\8©anwd\^ajS`fU¢\fcmQ¦ianwanTVUhcdU*w πq` ®¦P8Q&_-l (Ziq Zj`Xij) =
(Ziq Zj`)πq`
®ºP8QU
Ziq
lajwmUX\^g o U*i$U*g o U*g&cs«$lre¢AUQaF©HU
(Ziq Zj`) = αqα`
®AP8QSUwmU=lr_`§c ¨eH`f`^e¢l*®

       &     
P8Q\^lXthe]U #t*\fUsg&c¾\bllr_iSi-e&lrU o cdeTVUsaHlr_wmUcmQSUVanHjwdU*&acm\^©jUpcmwdU*g o en ºajwaniSQD®Z]\^gthUgSeiSwmeHa
\f`^\^lrcm\bt¾TVe o U*`^`f\^gSV\^l8_-lr_aj`f`^qaF©an\^`banS`^Uj«&cmQ\^lt*e]U
#Mth\^U*g&c\^l8UsTViS\fwd\bt*an`^`^q o Uh¬gU o \fgTVeHlrct*ajlmUsls® &
iwmeHi-e&lrUzcmQSUX ¨eH`f`^e¢\^gS o Uh¬g\§cd\feHgej )cdQSUU*TViS\^wm\bt*aj`0th`^_lrcmU*wd\^gSthe]U
#Mth\^U*g&c8 ¨ejw©HU*wmcmU*u
i
3
Ci = ∇i
/
Ki(Ki − 1)
2
,
¢QU*wdU ∇i \^l)cdQSU8g&_T$U*wen U o jU=lD$Uhcy¢AU*UsgcdQSUAgSU*\^jQ]$ejwlDej ©jUswrcdUhu i 3 ∇i = ∑j,k XijXjkXik/2
«
¢QeHlmUTV\^gS\^T_ST ©an`^_SU\^l
0
ajg o Tauk\fT_ST ©aj`f_SUU &_an`bl
Ki(Ki − 1)/2
 ¨ejwaªt*`f\&_SUj®"' ¬wdlrc
U=lycd\fTancmejw8ej )cdQS\^lU*TViS\^wm\bt*aj`0th`^_lycdU*wd\fgt*e&U #Mth\^U*g&c\^l8_-lr_aj`f`^q o U*¬gSU o aHlAcmQSUTVU=angen 	cmQSU
Ci
l 3
ĉ =
∑
i
Ci/n.
$&%?'$)(
 ³
	
	°S³k±n± ° 	 É³²¯±
 
zU*gSejcm\^gS ∇ cmQSU  cmwd\^ajgSj`^U  t*ejgk¬-j_Swacd\feHg (i ↔ j ↔ k ↔ i) ang o V cdQSU     t*ejgk¬H_Swacm\^ejg
(j ↔ i ↔ k)  ¨ejwMajg]q (i, j, k) _gS\§ ¨eHwmTV`^q¤tQSe&lrUsg \^g {1, . . . , n} «ºcmQSU o U*¬gS\fcm\^ejg en  C tsang -UwdU*iQSwdaHlrU o aHl
c = Pr{∇ | V} ® AUst*aj_lrU ∇ \^laiajwrcd\^t*_S`^ajwt*ajlmUXen  V «S¢AUXQaF©jU 3
c = Pr{∇ ∩ V}/ Pr{V} = Pr{∇}/ Pr{V}.
µ W]¶
P8Q\^l8iSwdeji$U*wmcyqlm_SjHUslrcdl8angencmQU*w8Uslrcm\^TacmUej 
c
iSwdeji$eHlmU o &q & 3
ĉ′ = 3
∑
i
∇i
/
∑
i
Vi ,
¢QU*wdU
Vi
\bl8cmQUg&_T$U*wej 
V
l\fg
i
3
Vi =
∑
j>k,(j,k)6=i XijXik
®:ÈÉgcmQSUX ¨eH`f`^e¢\fg¢AUiSwdeji$eHlmU¾a
iwmeHanS\^`^\^lrcm\bt o Uh¬gS\fcm\^ejg3ej )cdQS\^lthe]U
#Mth\^U*g&c=®
Â/ .¨9. Æ0/ ) 1 )   
	 =*h±²8= ³ *²7 ² " °+±m³  h²8	 ²8 6$.h³±    ³ h±6²D j   k ³   
*D³ ]²¯±  *±* 0
i

 ³   ³ 0 
*D!
   ²8  (i, j, k)  -² .h³± 	76 DS³   ¥²8 {1, . . . , n}
c = Pr{XijXjkXki = 1 | XijXik = 1}.
(  Æ  Æ .´. Æ0/*) 1    
	 + V³92 	 
+  
	,=D**±²8 ³9  *²7
 º² 
c =
∑
q,`,m
αqα`αmπq`πqmπ`m
/
∑
q,`,m
αqα`αmπq`πqm
8±m³s³.  ejwajg&qMcmwd\fiS`^Uhc
(i, j, k)
«S¢ºUXQaF©HU
Pr{∇} =
∑
q,l,m
αqα`αm Pr{XijXjkXki = 1 | i ∈ q, j ∈ `, k ∈ m},
=
∑
q,l,m
αqα`αmπq`πqmπ`m.
P8QUMlmajTUwdUsaHlreHgS\^gSªt*ang$UaniiS`f\^U o cde
Pr{V} wmU=t*aj`f`^\fgcdQaccmQSUMUs©jUsgHc V \^g (i, j, k) TVUsang-lcdQaccdQSUXcmeHiej 
V
\bl
i
®:P8QSUXwmU=lr_S`fc\blAcmQSUsg3ajgajiSiS`^\^tsacd\feHgej  µ W&¶h® 
   !  ! # !  
P8QUTVe o U*`$iSwmU=lrUsg&cmU o \^gZ]U=tcm\^ejgpt*ang$UwdU*iQSwdaHlrU o ajl:ajg\fg o U*i$U*g o Usg&cº©jUswdlm\^ejgVen +cmQU{}»¼
TVe o Us`O®KÈÉg o UsU o cdQSU3anlmU*gt*UMen iwmU* ¨U*wdU*g&cm\ban`8theHgSgSUsthcm\^ejg­$Uhcy¢AU*Usg­jwdej_ilt*ejwdwmU=lri$ejg o lXcmecmQSU
tsajlmUz¢QU*wdU
πq` = ηqη`.
µ j¶
P8QU¾iwmeHi-Uswrcd\fU=l8en DcdQSU\^g o U*i$U*g o U*g&cTVe o U*`0ajwmUaHlA ¨ej`^`fe¢ls®
?<? ä@ABDC
E
=       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0± A² ±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 É° 0³h²8
 .´s*.´	). Æ / Æ  Ç Â  Â]Â 1 P8QUthejg o \§cd\feHgan` o \^lrcmwd\^S_kcm\^ejg ej ¾cdQSU o UsjwdU*U=lV\^lveH\^ldlreHg ¢\fcmQ
i-anwanTVUhcdU*w
λq
lm_tQcmQanc 3
λq = (n − 1)ηqη,
µ H¶
¢QU*wdU
η =
∑
` α`η`
«lre
λq
\^l o \fwdUsthcm`^qMiSwdeji$ejwmcm\^ejgaj`-cde
ηq
®
Â&ÅÂ]Â=/  Æ 	  Æ0//)Â n9. .´ Ã 1 ¸UHUhc 3

(Aq` ) = n(n − 1)(αqηq)(α`η`)/2,
lmepcdQSUXwme¢lAang o theH`f_Tg-lºej DTacdwm\fu
A = (Aq`)q,`
T_lrc8aj`f`+QaF©HUcdQSUlmajTU¾iSwden¬`^Uj®	¸KU¾¢\^`^`+lmU*U
\^gZ]U=tcd\feHgMXcmQanc}cdQSUeHlrUswm©HU o g]_ST$U*wºen Dt*ejgSgSU=tcd\feHgl<$Uhcy¢AU*U*gjwdej_Sil:TVaFq$U &_S\fcmU ´ajw: ¨wdejT
U*uki-U=tcmU o ©Faj`f_Usls®
  	)s Â . /	  Æ0Â
 2. Â/ 
c =
(∑
q αqη
2
q
)2
η2
.
 ejwcmQSUlycang o ajw o {:w o  lyÉ*g]q]\}TVe o Us` µ
Q = 1
«
α1 = 1
«
η = η1 =
√
p
¶h«<¢ºUMHUhccmQSU£&ge¢g
wdUslm_S`fc 3
c = η41/η
2
1 = p
®
~ºeHglr\ o Uswm\^gS¾cmQSU\^g o Usi-Usg o UsgHcAt*ajlmU8iSwdUslmU*g&cmU o \^g  \^j_wmUX¢\fcmQ
α1 = α2 = 1/2
ajg o
a = 0.9
«
b = 0.1
«}¢AU3jUhc
c = (0.92 + 0.12)2 ' 0.67 ®¦P8QSUªtheHwmwdUslmi-eHg o \^gS¥{}w o  lyÉsg&q]\ATVe o U*`¢\fcmQ
p = (α1a + α2b)
2 = 1/4
¢ºeH_S` o `^Usa o cdeValrcmwdejg_Sg o U*wdUslrcm\^Tacm\^ejgen 
c
lr\^gthU
c = p = 0.25
®
     %  !

ÈÉg3eHw o UswAcme o U*¬gSUXcmQU`f\^£jUs`f\^QSe]e o ej )cdQSU{}¼X»TVe o U*`6«S¢ºUX_lmUXcmQUpthejTViS`^UhcdUh o aca ¨wdajTUs¢ºeHwm£
o Uh¬gSU o ]q & ®|DUhc¾_l o UsgSencdU X cdQSUlmUhczen :an`^`)U o jU=l 3 X = {Xij}i,j=1..n «+ang o Z cmQSUlrU*czen :aj`f`\^g o \bt*ancmeHwA©ajwm\banS`^UslA ¨eHw©jUswrcd\^t*Usl 3 Z = {Ziq}q=1,Qi=1,n ®
(  Æ  Æ .´. Æ0/*) 1  ³°0	 
* > 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² 
logL(X ,Z) =
∑
i
∑
q
Ziq log αq +
∑
i
∑
q
∑
j>i
∑
`
ZiqZj` log b(Xij ; πq`).
8±m³s³. ¸KUQaF©HU
logL(X ,Z) = logL(Z) + logL(X | Z) ¢QSUswmU
logL(Z) =
∑
i
∑
q
Ziq log αq ,
logL(X | Z) =
∑
i
∑
q
∑
j>i
∑
`
ZiqZj` log b(Xij ; πq`),
$&%?'$)(
 ³
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
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 H
ajg o
b(x; π) = πx(1 − π)1−x ® P8QSU`feHn`f\^£jUs`f\^QSe]e o ej cmQSUejlmU*wd©jU oo ancda\bleHkcdaj\fgU o ]qlm_STVTV\fgcmQSUtheHTi`fU*cmUh o ancdaV`^ejn
`^\^£jU*`^\^QSe]e o e©jU*wan`^`cdQSUi$eHldlm\fS`^U¥©aj`f_SU=lej cmQSUK_SgSeHlmU*wd©jU o ©ajwm\banS`^Usl Z ® gk ¨eHwrcd_SgancmU*`^qj«z\§clmU*UsTlcmQ-acgSelr\^TViS`fUp ¨ejwdTej 	cdQS\bl ¨_Sg-tcm\^ejgt*angª$U o Uswm\^©jU o ®P8QSU*g¥¢ºU o Uh¬gSUpcmQSUthejg o \§cd\feHgan`
U*uki-U=tcdancm\^ejgen 	cmQSUpt*ejTViS`^UhcdUh o aca`^ejj6`^\f£HU*`^\fQe&e o lr_tQcmQ-ac 3
Q(X ) =  {logL(X ,Z)|X}
=
∑
i
∑
q
τiq log αq +
∑
i
∑
q
∑
j>i
∑
`
θijq` log b(Xij ; πq`),
µ  n¶
¢QU*wdU
τiq = Pr{Ziq = 1 | X} =

(Ziq | X ),
θijq` = Pr{ZiqZj` = 1 | X} =

(Ziq Zj` | X ).
µ H¶
P8QS\bl`^ejj6`^\f£HU*`^\fQe&e o \fg]©jeH`f©HUslºcmQU8xyej\^gHc8°³ *h±²´³n±iwmeHanS\^`^\§cyq ¨eHw©jUswrcd\^t*Usl
i
ajg o
j
cmeV$U*`^ejgS
cdeVjwdej_Sil
q
ang o
`
®º~º`fU=anwd`fqH«k¢ºUXQaF©HU ¨eHw
i
ang o
j
3
∑
q
τiq = 1, θijq` = θji`q ,
∑
q
∑
`
θijq` = 1.
µ H¶
  ! 	*X)h
ÈÉgpcmQS\bl)lmUsthcm\^ejg¢AU}iSwdeji$eHlmU}ajg µ aniiSwmeFuk\^TacmUF¶+{<É» an`^jeHwm\fcmQT cdeUslrcm\^TacdU<cmQSUAiajwdajTU*cmUswdl ej kcmQSU
{º»¥¼ TVe o U*`]q3Tauk\fT_ST `^\f£HU*`^\fQSe]e o ®pZ]\^gthUcmQSU{}» an`^jeHwm\fcmQSTÀ_lmUslcmQSUQS\ oSo UsgKlrcmwd_tcd_SwdU
ej +cmQSU o acaS«&\§cA\^lºthwd_th\ban`kcde o U*cmUswmTV\^gSUcmQU o Usi-Usg o U*g-thqanTVejgejlmU*wd©jU o ajg o QS\ oSo UsgM©anwd\^ajS`fU=l*®
Z]\^gt*UXcmQSU o ancda_Sg o U*wlrcm_ o qanwdUXwmUsiSwmU=lrUsg&cmU o ajlajwaniQ0«]cmQSU{º»¥¼¿Te o Us`0TaFqM`^e&eH£`f\^£jU
aQS\ oSo UsgK»¥anwd£je©  \fUs` o TVe o U*`6®$e¢AU*©jUsws«+\fcp\^lX\^TVi-eHwrcang&cXcme3gSejcmUcmQancp\§cp\blXgSejcs®P8QSUVTan\^g
wdUsaHlreHg ¨eHwcmQ\^l\^l8cdQacz¢QSU*gª_lm\^gSMaVQS\ oSo U*g»¥anwd£je©TVe o U*`DcmQSUcdeji$ej`^ejHqMen cmQUpjwaniSQgSUsU o l
cde$Uº£]gSe¢gD«=¢QU*wdUsajlD\§c\blDiSwdUst*\^lmU*`^qzcmQSUAwdajg o eHT eHkxyUsthc	_Sg o U*wlycd_ o qX\^gpcmQUº{}»¥¼¦ ¨wanTVU*¢Aejwd£+®
    !   &  % 
P8QU
Xij
lanwdU\fg o U*i$U*g o Usg&ctheHg o \fcm\^ejgaj`f`^qcmecdQSU
Ziq
ls«ºS_ScanwdUTajwmH\fgaj`f`^q o U*i$U*g o U*g&cs®  ejw
U=lycd\fTancm\^ejgMiS_wmi$eHlmUj«]\fcA\blA\fTVi$ejwmcdang&cºcme£&ge¢@\§ 
Pr{Ziq = 1 | X}
\^lAU
&_aj`cde
Pr{Ziq = 1 | Xi}
«
¢QU*wdU Xi \bl8cmQSUlmUhcen an`^` i-e&lmlm\^S`fUXU o jU=lAt*ejgSgUstcd\fg i ® Xi \^l8ej ¯cmUsg3tsan`^`fU o cdQSUlrU*cen )gU*\^jQ]-eHwdlej }©jUswrcdUhu
i
®ÈÉgcmQU ¨eH`f`^e¢\fg«+¢ºUj\^©jUat*ej_Sg&cmUswzU*uSanTViS`^Upcme3lmQSe¢ÓcmQanczcdQSUgSencd\feHg¥en ºgSU*\^jQk
$ejwdQSe]e o tsanggSenc$U_lmU o \fgcdQSU{}»¥¼  ¨wanTVU*¢Aejwd£+®
'zlmlm_STVUcdQacVcdQSU©HU*wmcm\bthU=lajwmU o \f©]\ o U o \fg cy¢Ae¥jwdej_il*«<¢QeHlmUtheHgSgSU=tcm\^©]\§cyq¡Tancmwd\§u¡\bl o \§
ajjeHgan`:¢\fcmQ
π11 = 1
ajg o
π22 = a
ajg o
0 < a < 1
®¥|DUhc_lt*ejglm\ o U*w ª©jUswrcd\^t*Usl
i, j, k
¢\§cdQ
Xij = Xik = 1
®P8QSU©jUswrcd\^t*Usl
i
ang o
j
anwdUA\^gVcmQUlmajTVUjwdej_Si-U=t*aj_lrUgepthejggSUsthcm\^ejgV\^l:i-e&lmlm\f`fU
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E
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0± 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³h²8
$Uhcy¢AU*Usg©jUswrcd\^t*Usli-Uswrcan\^gS\fgMcmecy¢Ae o \f·$UswmUsg&czjwdej_il*®¾P8QSUVlmajTU\^lcmwd_SU ¨ejw¾©jU*wmcm\bthU=l
i
ajg o
k
®
P8QU*wdUh ¨ejwdUcdQSUcdQSwdU*U¾©jU*wmcm\bthU=l}ajwmUz\fgcmQSUXlmajTVUjwdej_iMang o ¢ºUzQaF©jU
Pr{Zi1 = 1 | Xi, Xjk} > 0
\§ 
Xjk = 1
ajg o
Pr{Zi1 = 1 | Xi, Xjk} = 0
\f 
Xjk = 0
®P8QSUswmU* ¨ejwdU
Pr{Ziq = 1 | X}
o U*i$U*g o lejg
aj`f`+cdQSUgSU*cy¢ºeHwm£Majg o gencejg`fqMeHgU o jU=ltheHgSgSUsthcm\^gScmeVcdQSU©jUswrcdUhu
i
®
P8QS\blªtheH_Sg&cmUswU*ukajTViS`fUth`^Usajwm`^q@lrQe¢lcdQac3gSe gSUs\fHQ&$ejwdQSe]e o t*ajg $U¡thejg-lr\ o U*wdU o \fg cmQSU
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